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ABSTRACT : 

This  paper  studies  the  single-server  queueing  system  in  which  no 
customer  has  to  wait  for  a  duration  longer  than  a  constant  K.  Using 
analytical  method  together  with  the  property  that  the  queueing 
process  'starts  anew'  probabilistically  whenever  an  arriving 
customer  initiates  a  busy  period,  we  obtain  various  transient  and 
stationary  solutions  for  the  system. 
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Lost  service  times.  Virtual  waiting  times.  Busy  cycle.  Transient 
results.  Stationary  results. 
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1. 


Introduction . 


In  the  single-server  queueing  model  studied  here,  no  customer 
has  to  wait  for  a  duration  longer  than  a  constant  K.  If  this  time 
exceeds  K,  the  service  time  of  the  previous  customer  will  be 
so  much  shortened  as  to  make  it  equal  to  K. 

Cohen  [8]  has  obtained  several  results  for  this  model  in  which 
the  inter-arrival  times  and  service  times  have  rational  Laplace- 
Stieljes  transforms.  In  this  paper,  we  shall  make  no  specific 
distributional  assumptions  for  the  random  variables  underlying 
the  model.  Stationary  results  for  a  slightly  different  model 
in  which  the  customers  leave  impatiently  have  been  obtained  by 
Daley  [11]  (See  also  [1],  [2],  [3],  [4],  [5],  [6],  [13],  [14]  , 

[16],  [20]). 

The  key  to  our  analysis  of  the  system  is  that  many  of  its 
processes  are  regenerative ;  that  is,  they  restart  probabilistically 
whenever  a  customer  initiates  a  busy  period.  Regenerative  processes 
in  this  sense  were  introduced  by  Smith  [22,23]  and  have  been  used 
by  many  authors  to  study  the  stationary  behaviour  of  many  queueing 
systems  (See,  for  example,  [7],  [9],  [10],  [17],  [21],  [24]).  By 

using  regenerative  processes  along  with  analytical  methods  in  this 
paper,  we  shall  show  that  not  only  the  stationary  behaviour  of  the 
system  can  be  studied  but  its  transient  characteristics  can  also 
be  obtained.  These  methods  also  give  us  insight  into  the  probabilis 
tic  structure  of  the  system  (See  also  [18] .)  in  Section  3,  the 
mathematical  description  of  the  transient  behaviour  of  the  system 


is  obtained  from  its  behaviour  within  a  busy  cycle.  In  Section  4, 
the  mathematical  description  of  its  stationary  behaviour  is  also 
obtained  from  its  behaviour  within  a  busy  cycle.  The  behaviour 
of  the  system  within  a  busy  cycle  and  the  stochastic  laws  for  the 
busy  cycle  are  then  studied  in  Section  5.  In  Section  6,  due  to 
the  special  structure  of  the  M/G/l  queue,  we  shall  obtain  explicit 
results  for  the  stochastic  laws  for  the  busy  cycle  in  this  system. 


-3- 


2 .  The  formal  model  and  notation- 
We  are  given 

(D.l)  a  real,  positive  number  K  ; 

( D .  2 )  an  integer- valued,  non-negative  random  variable  mQ ,  Ej*3?q'<=°'' 

( D . 3 )  a  real,  non-negative  random  variable  wQ,  p{wQ$K  }  =  1; 

(D.4)  Two  independent  sequences  of  independent  and  identically 

distributed,  real,  positive  random  variables  {t^,k^  1}  and 

;s,  ,  k.'i.  1;.  We  assume  that  each  of  s.  and  t,  has  a  finite  first 
-it  -1  -i 

moment . 


mQ  is  the  number  of  customers  in  the  system  at  time  t=0- 

and  wQ  is  the  virtual  waiting  time  at  time  t=0-.  Let  customers 

(m_+l) ,  (m.+2) ,  ...,  k  arrive  at  the  time  epochs  -  . , 

-u  -u  *•  --0+  ^ 

ImQ  +  2 . Ik'  where  0  =  -mQ+i  <  -mQ+2  <*•*<  Ik  < 

Let  -;<+L  -  tk  =  tk  ,  for  all 

Let  the  assianed  service  time  of  the  ktn  customer  be  s,  .  This 

-  — - 

k  customer  will  obtain  full  service  if  the  (k+l^*1  customer  arrives 

at  the  moment  at  which  the  work  still  to  be  handled  by  the  server 

is  less  than  K;  if  it  exceeds  K,  then  we  have  to  cut  short  the 

service  time  of  the  k  customer  to  make  the  waiting  time  of  the 
♦* 

(k-1) customer  equal  to  k*  The  decision  to  shorten  the  service  time 

til  ‘z 

of  the  k  *  customer  is  taken  at  the  moment  of  arrival  of  the  (k+1) 


customer . 


We  write 

(0.3)  J  '  z)  ~  E;-exP^_z§x^  '  -or  Re(z)  >  0 

(0.6)  1.2)  =  E  exp(-zt1);  for  Re(z)  5-  0. 

The  customers  are  served  in  order  of  their  arrivals  and  mere  is  no 
limit  on  the  size  of  the  waiting  room. 
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(D.8) 
(D .  9 ) 


(D. 10) 
(D- 11) 
(D.12) 
(D- 13) 
(D. 14) 
(D.15) 
(D. 16) 
CD. 17) 

( D  .  1 3  ) 

(D. 19) 

CD. 20) 
0.21, 


3esides  we  want  to  study  the  following  random  variables: 

K 

1 4 

=  the  actual  waiting  time  of  the  k  *  customer  (k>m^) , 
i.e.  wk  =  nJin([wk_1+sk_1-tk_1]  +  ,  K) 

=  fmin(wk_i+sk_1,K+tk_1)-tk_1]+ 

where  [x]+  =  max(x,Q); 

w  =  limit  in  distribution  of  w,  when  k-**° ,  if  this  exists; 

_00  -X 

U  =  the  lost  service  time  of  the  kfc^  customer  (k>m_)  , 

— 'J 

i.e.  l_k  =  max  (w^+Sj^-t^K)  -  K 

=  max  ( ^jc+'Sk » K+— k  >  ~  K  ~  -k  ' 

L  =  limit  in  distribution  of  r  when  k~®,  if  this  exists; 

— “  — k 

o.  =  the  duration  of  the  initial  busy  period; 

“1 

2  =  the  duration  of  the  v ^  busy  period,  v$.  2; 

i^  =  the  duration  of  the  first  idle  period; 

i  =  the  duration  of  the  v1"^  idle  period,  v$  2; 

-v 

c^*2]_+i]_3  the  duration  of  the  initial  busy  cycle; 

c  =  o  +  i  =  the  duration  of  the  vw‘  busy  cycle,  v>  2; 

-v  ~v  -v 

=  the  number  of  customers  served  during  the  initial  busy 
period,  including  the  customers  in  the  system  at 

time  t-0- ; 

tin  , 

n  =  the  number  of  customers  served  during  the  v  '  ousy  pence, 

-v 

vg  2 ; 

v ( t )  =  the  virtual  waiting  time  at  time  t,  t-;  0, 
i.e.  v  ( t )  =  xk  +  min  (wk+sk,  K+t_k)  -  t  for  r_k<t<t_k+1  ; 

v(*>)  =  limit  in  distribution  of  vft)  when  t~»,  if  this  exists; 

. (t)  =  the  total  number  of  customers  arriving  during  the  time 
interval  [0,t],  including  the  m  customers  m  the 


system  at  time  t=0-; 


-5- 


(D.22)  a(t)  =  the  time  difference  between  t  and  the  time  of  the  first 
arrival  during  the  interval  (t,»). 

The  results  will  be  expressed  in  the  following  forms: 

(D‘23)  Wm,w(x'^'2)  =  ^k=m+lxkE{exP(-^lk*z^) 

for  0<  ixj  <1,  Re ( - ) £0 ,  zj<*>,  m^O,  w^O? 

(D*24)  Lm,w(x'"'2)  =  ^k=m+lxk£{exP(^Ik“2^k)  l2>0sm'^0=w} 

for  0<|x|<l,  Re(S)£0,  Re  (z)k0,  m>.0 ,  w^O ; 
r°° 

(D.25)  V  (x,£, z,s)  =  I  exp (-' t) E(x— exp (-2V (t) -sa (t) )  ‘ mn=m,w„=w;dt 
m,w  Jg  —  —  ‘—0  —0 

for  0< j x| <1 ,Re (5) ^0 , Re ( z) ^0, Re ( s) >0 ,  m^O,  w^0; 

,  Hi 

(D.26)  cm,w(x'^ '“2)  =  Elx  exp  (-Cc^+zi^)  ;  wQ=w; 

for  0  <  !  x  |  $  1 ,  Re(5)5>0,  Re(z)$0,  mjO,  w^O; 


(D . 27 ) 

W,(Z)  = 

El  exp  (-zw^)  } 

for 

z  < 30  ; 

(D . 28 ) 

L.(Z)  - 

El  exp  (-z^)  ; 

for 

Re  ( z )  >  0 

iD. 29) 

vM(z)  = 

El  exp  ( - zv  ( 30 )  } 

for 

Re ( z ) >  0 

We  shall  need  the  following  intermediate  Laplace-5tiei;es 
transforms : 

f  -Hi  k 

(D-30)  W-n,w(x'"'2)  =  E^k=m+1  x  ex?(--;1;<-zwk)  Ho^'^O^V 

for  0<  xi<:l,  Re(^)->0,  z  <*>,  m>0,  w?0; 

(D .  31)  L  (x,;,z)  =  El  >7"  x*ext>  (-•  r,  -21.  )  m.=m,  w  =w  ,• 
m,w  )/-k=m-*-l  -  — k  — -0  —0 

for  0<  x;<-l,  Re(^)>0,  Re(z)>0,  m>0,  w>0; 

.  c 

(D .  3  2)  V  (x,-;,z,s)  =  E*  '  ~'L  x—  ^  exp  (--;t-zv  ( t)  -sa  !  1 5  dt  m  =m,w  =w 
m  t  w  —  —  — *j 

0 

for  0<  Re  ( *  )  >.0  ,Re  ( z )  >0  ,  Re  (  s )  .■  0  ,  m'0,  w>0; 
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_  f  Hi 


(D .  3  3 )  (x,.-,s)  =  E-.x  exp  (-rp. -si.  )  m-.=m,w„=w  • 

m,  w  *-i  —l  —0  —o 

for  0<  x  $1 ,  Re(^)^0,  Re(s);0,  m>0,  w^O, 


It  is  important  to  point  out  here  thar  there  are  two  types 
of  busy  periods  which  Cohen  [  8  , p.284]  calls  strong  and  weak  busy 
periods.  While  two  consecutive  strong  busy  periods  are  separated 
with  probability  one  by  an  idle  period  of  non-zero  duration;  a  weak 
busy  period  may  be  followed  by  an  idle  period  of  zero  duration. 

In  other  words,  if  the  (k+1) “  customer  arrives  at  the  instant 
the  k  customer  departs,  the  strong  busy  period  continues  while 
the  weak  busy  period  terminates  and  a  new  weak  busy  period  starts. 
We  consider  both  types  of  busy  periods  in  this  paper.  If  the 
result  is  applicable  for  both,  no  notationai  distinctions  are 
made.  If  a  result  is  applicable  to  the  strong  busy  period  only, 
then  a  superscript  "s"  is  added  to  the  notation.  If  a  result  is 
applicable  to  the  weak  busy  period  only,  then  the  superscript  "w" 
is  added. 


Remarks : 


( R .  1 ) 
(2.1) 
(2.2) 


From  (D.30)  and  (D.31),  we  have 

E‘:n1m0=m,w0=w}  =  wm, w ( 1 ' 0 ' 0 >  *m  =  Lm,  w  (i  '  0 ' 0 1  **  : 

E  \  n  2 ;  =  WQ  Q  ( 1 , 0 , 0 )  =  L^g'1,0,0)  . 
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3.  Regenerative  results  for  the  transient  behaviour. 

In  this  section,  we  shall  show  that  the  study  of  the  actual 

waiting  time  of  each  customer,  the  lost  service  time  of  each 

customer  and  the  virtual  waiting  time  at  each  epoch  can  be 

reduced  to  the  study  of  the  lost  servive  times  within  one  busy 

cycle  alone;  that  is,  for  0<[xj<l,  Re(^)>,  Re(s)2Q,  maO,  waO, 

W m  w(x,5/Z)  (|z|<»),Lm  w(x,C, z)  (Re(z)iC)  and  w(x,5,z,s)  (Re(z)jO) 

/\ 

can  be  obtained  from  L  (x,^,z)  (Re(z)  £0)  and  C  (x,£,0)  . 

The  arguments  are  based  mainly  on  the  regenerative  property 
that  the  continuations  of  many  processes  in  this  system  beyond 
the  end  of  a  busy  cycle  are  the  probabilistic  replicas  of  these 
processes  commencing  at  the  beginning  of  that  busy  cycle. 


THEOREM 

_1  For  0  < 

!  x 

|<1,  Re  (  ^ )  5-0 , 

z  j  <»  ,  m>0 ,  w>0 , 

(3.1) 

W0,0(X,?,Z) 

= 

W  0 , 0  ( x ,  5  ,  z )  / 

L  l"Cg  q  (X  ,  C,  ,  0  )  J  t 

(3.2) 

\,w(x'5'2) 

= 

W  (x,5,z)  + 

m,w 

0  (x,  --  ,0)  W  (x,c,,z) 

m ,  w  u  ,  u 

PROOF : 

We  have  , 

from  ( D . 23 )  and 

(D.30),  for  m>0,  w\0 , 

(3.3) 

W  .  (X,',Z) 
m,w 

= 

w  T.(x,;,z) 
m,w 

n.,  +k 

ik=lx  exp  (- 


n^+k' 


‘^r^+k5  !  — '  — o=w 


Wow  since  the  queueing  process  starts  again  probabilistically 

when  the  (n^+1)  customer  initiates  the  second  busy  period  at 

time  t  =  c.  ,  cn  and  n.  are  independent  of  w  ,  for  all 

— n^  +  1  —1  —1  —1  ~ 

k>l.  Also,  for  all  k >1 ,  w^  are  independent  of  jtVj  and  w Q . 


Thus  we  can  write 


y 
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(3.4) 


W 

m,w 


(x,£,z) 


W 

m,w 


(x,C , z) 


Cm,w(x'5'0!E{tAp(^Vz«n1+kk=0^=0} 


Furthermore,  if  ^=0  and  w0=0,then  w  +k  will  have  the 
same  distribution  as  w  .  Thus  (3.2)  is  proved.  As  (3.2) 
is  also  applicable  when  m=0 ,  ^=0,  (3.1)  follows. C 


THEOREM  2 ;  For  0<|x|<l,  Re(l)^.0,  Re(z)>0,  m>0,  w>0, 


(3.5) 

L0,0 (x'?'z)  = 

/V 

,(x,C,z) 

7  [i-c0,0(x,5,o)] 

(3.6) 

Lm,w(x'"'z)  * 

Lm,w{x'5'2) 

+  Cm,w(x,ii  ,0)  L0 ,0  (x,?' 

z) 


PROOF ;  The  proof  is  omitted  because  it  is  analogous  to  that  of 
Theorem  l.[] 


Theorems  1  and  2  relate  W  (x,l,z)  and  L  (x,Z,z)  to 

m ,  w  m ,  w 

A  A 

w_  (x,£,z),  L  (x,C,z)  and  C  (x,£,0).  We  shall  now  show 
r  m  t  w  m  ,  w 

that  V  ( x , ,  z  ,  s )  can  be  obtained  from  W  (x,£,z)  and 

m ,  w  m ,  w 

L  ,(x,;,z).  This  is  an  imoortant  relation  which  is  of  interest 
by  itself  because  it  enables  us  to  find  the  mathematical  description 
of  the  behaviour  of  a  queue  in  continuous  time  if  we  know  its 
behaviour  at  a  certian  set  of  discrete- time  epochs. 


LEMMA  1: 

For  O'-  x  1  <  1 , 

Re  ( )  >-0  ,  Re  ( z  )  t0 

,  Re ( s )  >0  , 

m>0 ,  w>0 , 

(3.7) 

vQ  Q (x, -;,z,s) 

=  V0f0(x,l,z,s) 

'  [L-C0  ,0 

( x  ,  ~  ,  0  f| 

(3.8) 

Vm,w!x'^z's) 

=  vm  f  w  ( x ,  ,  z ,  s ) 

Cm,w'x' - ,0) 

vo , 0 ( x  '  ~  '  2 

/  3  ) 

iroo  f 


oceu? 


PROCF : 


this  lemma  is  omitted  because  i 


anal: 


_a_ 


to  that  or  -neorem  1.  Here,  we  use  the  property  that  if 

then  for  all  t^O,  u.^h+c.,  )  ,  v(t+c^  )  and  a(  i~c_,  '  have  t.te 

same  distributions  as  u(t)+n.,  •  an<i  respective 


LEMMA  2  :  For  0<;jcisl,  He  (' )  >,  Re  (  s)  0  »  Re  (2)^0,  nuO,  waO  , 


(3.9)  (z+s-5) V  (X,;,2,S) 

m ,  w 


-xrnexp(-sw)  -  2xmaxp (  (s-- )  v)  /  (s-C) 

t  - 

+  !  l-X*  (2)  r.  (S)  VJ  ,  (X,-,2)/x 

i__  _j  m ,  w 


r ~ 


;) 

w 

(x 

/  ^ 

, Z-s) /x (s- 

-) 

m ,  w 

(x, 

^  / 

2) 

-Lm  (x,£, 

0)  , 

‘m, 

w 

- 

‘m, 

w(x' 

^  / 

h» 

s)  -L  ( x , 

X  ,  V 

-  -n 

f  v 

t>  / 

0)/( 

s- 

“  \ 

->  1 

. 

PROOF:  For  ■J<  :<  <1,  Ra(i)j.O,  Re  ( 3)  ^0  ,  Re  ( 2 )  >,Q,  0^m<(n. -1;, 


v$  0  , 


(3.10)  V_  I, z,s) 

m  ^  -v 


-.Hi-1  kr-k+i 
.“k-m+l  x  ,'ik 


exp  ( -  - 1-2  <2k'i-min  (w^-^s^ ,  X- 1^ )  -t)  -s  ( ' 


— o=rn 


i  Hi  r  £.i 

+  F<  x  exp(-'"t-z(r  +w  +s  -t)-s(, 

'  J  2n  _ni  _n-l  _nT  “ 


-n,  -n.  -n. 
-n,  —1  —1  — 1 

n  - 

-  *  *»  —  -i 


ln1+l't))dt 


m0=m,w0=wl 


“1  J1  exp(-it-s(in^i-t)}dt 


w  =  -  tim'w..-s._,,K+tv)  -  t. 


-  w  +s 

-0-1  -Hi 


— k+l 
tecoir.es 


:<<"n.  ar.c 


-10- 


(3-Li)  Vm,W(x'?'2's)  = 

1  f  — 1  ~  ^  j.  r 

z+s^T  E\~k=m+1  x  j ex? (~’-k+l“2-k+l) 


-  exp(-Clk-z  (min(wk+sk,K+tk)  ) -stk)j  j =m , Wq 


rr  e{^  T 


expf-C^-s^) 


-  exp(-£i  -z(w  +s  )-st  )!  m.=m,w  =w> 
~ H]_  l  ~ 0-i  l  — i  Q  J 


+  ^37-  e|x  1  [~  exp(-Cc1)-  exp(-C£i-si1)  j  jn^-m^-wl  • 

Mow  observe  that  for  k^n,  ,  i,  =  max  (w,  +s,  ,K+t,  ) -K-t,  ,  and  hence 

—1  — k  — k  — k  — —  k 

(3.12)  exp(-Si_k-2  (min  (wk+£k,K+tk)  )  -stk) 

=  exp  (-C£k_z  (wk+sk) -stk)  +  exp  (-' r_k~  zK- ( s+z  )  tk) 

-  exp  ( —  5 t,  -z  (max  (w,  +s,  ,  K+t,  )  )  -st.  ) 

=  exp(-zs.  )exc(-st,  )  exp (-- r, -zw.  ) 

— .<  "  — X  '  — .<  — !C 

-  exp(-zR)exp(-(z+s)tk)iexp(--;Tk-zlk}-ex?(--;;Lk)  i 

Thus  (3.11)  can  now  be  written  as 


(3.13)  v  (x,-,2,s)=-x  ex5(-zw)/(z+s-;) 
m,w 


i  n  ( s ) 

;  w 

,w 

( x ,  *  , 

z)  / 

x  (z+s--;) 

- 

i  m 

(z  +  s) 

r? 

!_^m 

,  w 

( ,  4  , 

z)  - 

i  ( x , ; 

m ,  w 

,  4  ,  3  ) 

/ 

( z 

+s-;) 

,4,0) 

- 

o 

'  m 

,w(x' 

z.  ,  S) 

/  (s-;; 

/  (z-s- 


for  O-^lx'^l,  Re(l)>0  Re(z)>0,  Re  ( s )  >0 ,  O^nu  n,-l  ,  w;-.0. 


It  is  easy  to  prove  that 


(3.13) 


is  also  applicable 


when  n.  =  m+1.  Now  since  r  (x,  £  ,z, s)  , Pm  ,  (x,5,s)  and 
—1  m ,  w  m ,  w 

C  (x,£,0)  are  analytic  for  0<|x|^l,  Re  (5)  ^  Re(s)aO,  3e(z)>0, 
m ,  w 

letting  z=£-s  in  (3.13)  yields 

(3.14)  w(x,5,s)  =  xmexp( (s-5)w) 

-  [l-xf  (5-s)a(s)”]wm^w(x,5/5-s)/x 
-  exp(  (s-5)K)Q(5)  r^n,w(X/€/5-s)-LnifW(x,5,0)  1 

If  we  substitute  this  equation  back  into  (3.13)  ,  we  obtain  (3.9  ) 

THEOREM  3 :  For  0 < | x | <1 ,  Re ( 0  ^Re ( s )  , Re ( z ) >0 ,m ,  w^O, 

(3.15)  (z+s-£)Vm  w(x,5,z,s)  =  -xmexp(-zw)  -  zxmexp  (  ( s-'  )  w)  /  ( 

+  jj.-x'?  (z)n(s)  jw^  w(x,5,z)/x 

+  zjl-xflq-sj^tsjjw^  w(x,;,5-s)/x(s-' ) 

+  exp  (-zK)  0.  (z+s)  ^nfW(x,;,z)-I^^w(x,^,0)J 
+  zexp  (  (s-5)K)fl(5)  |Im^w(x,S*£-3)  -Lm,w(x,S,0)  i  /(s-- ) 


PROOF :  The  proof  is  straightforward  from  Theorems  1,2  and 

Lemmas  lr2.Z 


It  remains  to  show  that  W  (x,^,z)  can  be  obtained  :rcm 

m ,  w 

L  (x,l,z)  and  C  .  (x,;,-z). 
m  f  w  m  t  w 

""HEOREM  4  :  For  0<  !  x {  ^1 ,  Re  ( ^ )  5-Re  ( z )  -jC  , m^O  ,  w^O  , 


(3.16) 


[L-x'?  (z)  1  ( -;-z)  ]  W  (x,£,z) 
rn  /  w 


in4*  L 

=  x‘  exp(-zw) 


xC  ( x , I ,-z) 
m ,  w 


-  xexp ( -zK) 2  (  ^ ) 


fx,--,z)-L  fx,:,3) 


m 


-12- 


PROOF:  Since  V  (x,',z,s) 

-  m,  w  ’ 


Cm,w (x'^ ,0) 


end 


P 

m,w 


(x , 


i,s) 


are  analytic  for  Q<jx'$l,  Re  (?)  >.Re  (z)  >0 ,  m>0,  w>0,  (3.16) 

is  obtained  by  putting  s  =  %-z  in  (3.13)  "Q 


Remarks : 

(R.2)  (3.1)  and  (3.7)  are  the  generalizations  of  (3.3)  and 

(4.6)  in  [9,pps.  6,13]  respectively. 

(R.3)  When  K-oo  ,  then  Theorem  3  becomes  Theorem  2  in  [26 ]  . 
While  Takacs  derived  the  latter  directly,  the  former  is  obtained 
via  Lemma  2,  which  will  also  be  useful  in  the  derivation  of 
Theorem  6  later. 

(R .  4 )  If  we  let  x-*-l  ,  z^O,  s-’-O  in  (3.14)  and  (3.16)  and  then 
use  1' Hospital's  Rule  to  obtain  the  limit  when  -1-0,  we  shall 
obtain  the  following  Generalized  Wald's  Lemma: 


n. 


(3.17) 

E 

= 

Erw0-  +  tE{n1}-E-:m0}]E;s1: 

”  P  ‘  '  ,  1  **  T  " 

(3.18) 

P 

'^i} 

= 

* 


iii&iL c_i^l 
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4.  Regenerative  results  for  the  stationary  behaviour. 

For  the  queueing  system  studied  in  this  paper,  it  has  been 
proved  that  each  of  the  processes 

{ ,  k  >  tHq  }  ,  and  {v(t),t>.0}  has  a  unique  stationary 

distribution  which  is  independent  of  the  initial  conditions 
[8] .  In  this  section,  we  shall  show  that  the  study  of  the 

stationary  behaviour  of  the  system  can  also  be  reduced  to  the 
study  of  the  lost  service  times  within  one  busy  cycle  alone;  that 
is,  the  expressions,  for  W<jo(z)  (|z|<»),  Lm(z)  (Re(z)>0)  and 
V^z)  (Re(z)^O)  can  be  obtained  from  LQ  q(1,0,z).  Here,  we  shall 
use  a  general  theorem  in  the  literature  stating  that  the  stationary 
distribution  of  a  regenerative  process,  if  it  exists,  is  the 
'time  average'  or  'customer  average'  of  the  process  over  a  regene- 
rative  cycle.  (See  [  9]) 

This  allows  us  to  state  the  following  theorem  without  proof : 

THEOREM  5 : 


(4.1) 

W.o(z) 

V\f 

0 , 0 

( 1 , 0 ,  z )  /  E  ;  n  } 

for  z  <  *> 

(4.2) 

LJz) 

= 

tr*  > 
o 

o 

( 1 , 0 ,  z )  /  £  { n  2 } 

for  Re ( z ) > 0 

Together  with  (3.16),  (2.2)  ,  the  assertion  for  Wq(z)  and  L^'.z) 

is  now  true.  The  next  theorem  will  allow  us  to  find  the  distribution 
function  of  the  stationary  virtual  waiting  time  in  terms  of  the 
distribution  functions  of  the  stationary  actual  waiting  time  and 
the  stationary  lost  service  time. 


sera 


-14- 


THEOREM  6;  For  Re(z)>0, 

(4.3)  Vx(z)  =  1  -  E '  £2  ^  /E  '•  E2  *  +  Cl-^  (z)  ;Wx  (z) /z  Eit^} 

+  exp  (-zK)  (z)  [Lx  (z )  -1  ]  /zg  ; 

PROOF:  This  is  because  VB(z)  =  VQ  Q  (1 , 0  ,  z  ,  0 ) /£  { c_2 }  .  Upon 
applying  l'Hospital  rule  to  (3.13),  we  prove  the  theorem.  Q 


Remarks : 

(R.5)  When  K-«, 
/ 

Takacs  [25] for 


then  (4.3)  becomes  a  well-known  result  due  to 
the  classical  GI/G/1  queue. 


>■  r 

Y 


-15- 


5.  The  stochastic  laws  for  the  busy  cycles. 


Let 

(0.34)  Mz 


(D. 35)  Nz 


( D . 3  6)  Rz 


(5.1) 


the  set  of  all  those  functions  of  z  which  are  analytic 
in  the  domain  Re(z)>0  and  continuous,  free  from  zeros, 
uniformly  bounded  in  Re(z)>,0; 

the  set  of  all  those  functions  of  z  which  are  analytic 
in  the  domain  Re(z)<0  and  continuous,  free  from  zeros, 
uniformly  bounded  for  Re (z) $0; 

the  set  of  all  those  functions  <t>  ( z )  which  are  defined 
for  Re(z)=0  on  the  complex  plane  and  can  be  represented 
in  the  form 

‘Mz)  =  e( ^exp  (-zn)  }  , 

where  £  is  a  complex  (or  real)  random  variable  with 
E{|£|}<=°  and  n_  is  a  real  random  variable. 


Let  us  define  the  following  transformations  on  Rz: 


(D. 37) 

T  z  { M  z ) }  = 

E  Uexp  (-zn  )  }  1 

(D. 38) 

j*{4>  (z)  } 

Mz)  -  tz{0  (z)  }  i 

(D. 39) 

Uz(1>  (z)  } 

E  (£5  (£>.0)  exp  (-zn.)  } 

i 

(D  .  4 0  ) 

U*{  t>  (z)  }  = 

Mz)  -  U 2 {  M z )  } 

E(£<5  (n<0)exp(-zn)  } 

(D.41) 

Vz(  (z)  } 

E (£5 (n>0) exp (-zn) } 

t 

(D  .  4  2  ) 

V  *  {  M  z )  } 

Mz)  -  V2  { ^  (z)  } 

E{£'5  ( 0 )  exp  (-Z£)  } 

where 

■5  (A)  is  the  indicator  function  of  any 

event  A;  that  is, 

5 (A) =1  if 


A  occurs 


and 


( A )  »=  0  if  A  does  not  occur. 


Clearly,  y  {{(z)},  m^2))  and  y  -5(z)/  belong  to 
vf  ana  jM'Mz'},  u*^2)}  and  V*{<&(z)  belong  to  n  •  Also,  : 

2  Z  Z  Z  Z 

is  easv  to  show  that 


(5.2)  uz'*(z)} 

= 

T2U  (2)  } 

+ 

(5.3) 

= 

T*{$  (z)  } 

- 

limZ-.-aJ[Tz^(2)  J 

(5’  4)  vz  {  $  (z)  } 

= 

T,{$  (2)  } 
z 

- 

li3lZH.«.CTz^(Z)}]  ; 

(5.5)  y*{i(z)} 

Z 

= 

T  *{  '{•(  z )  } 

*r 

iimz-«»[Tz{rJ>(z)  }]  '• 

(5.6)  Tz{f(z)} 

3 

UgH1  (z) } 

+ 

limz^0Cu|{<:>  (2) }]  ; 

(5.7)  T  t*(z)> 

z 

= 

V2(  ‘t>  (z)  } 

+ 

lim2-*0^-V*{^  (Z)  }  ]  . 

This  means 

that  the 

cl 

osed  form  expressions  for 

transformations 

can 

be  obtained 

if  that  for  T2--?(z);  is 

The  following  lemma, 

which 

is 

due  to  Takacs  [27], 

enable  us  to  obtain  j  i$(z)}  explicitly: 

LlklMA  3 :  If  $(z)*R  ,  then  for  Re(z)>0,  we  have 

<5.3!  TV"  ?  (2)  >  -  W(0)  -  jft  iflfW55  ' 


where  the  path  of  integration  L_  (s>0)  consists  of  the  imagina 
axis  from  z=-iM  to  z=-ia  and  again  from  z  =  i-:  to  z=i». 

PP.CCF  :  See  Theorem  2  in  .27 1. 1 


own 
ehaviour: 
me  s  ■ 


-  X  /  — 


In  this  section,  analytic  methods  are  given  for  finding  the 

integral  equations  that  would  theoretically  allow  us  to  obtain 

results  for  the  lost  service  times  within  a  busy  cvcle  L  z, 

m ,  w 

and  the  stochastic  laws  of  the  busv  cvcle  C  (x,£,-z)  simultaneously. 

m ,  w 

These  equations  will  be  expressed  in  terms  of  the  transformations 
defined  in  (D. 37) - 'D - 42)  . 

Basically,  this  method  simply  involves  the  re-arrangement  of 
(2.16)  into  identities  whose  left  hand  sides  belong  to  m  and 
right  hand  sides  belong  to  ^  .  By  Liouville's  Theorem,  they  are 
functions  independent  of  z.  The  integral  equations  will  be  obvious 
when  these  functions  are  known. 

First,  for  the  sake  of  simplicity,  let  us  write 


'■D,43)  Qm,w(x,’'z)  “  [Lm,w(x'?'z)  “  Lm,w{x,’'0)  ' 

for  0<'x;<l,  Re  ( 1 )  >,0  ,  Re(z)>0,  m^O  ,  wjO. 

From  (2.16),  we  have 

m+1 


.3.3)  L  .  r(x,-,0)  =  W  Ax,:,0)  =  [:<“ 

m  ,  //  III  /  w 


-xc  (x,  i ,  0)  ]  /  [1-x;.  < : '  ] 
m,  w 


his  means  that  1  (x,",z)  will  be  known 

m ,  w 


m,w 


m ,  w 


;x,i,-z)  are  known. 


For  0'  x  il , Re ( 1 ) >Re (z) >0  ,  we  new  assert  that 
■'  z  )  .T  (  £  —  z  )]  can  be  factorized  into  the  form 


1J; 


[1-Xr 


wner. 


X,  2  ,  Z;  t  M, 


ana 


<£  N . 
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In  fact,  g+(x,?,z)  and  g  ( x,£,z )  are  determined  up  to  a  multiplicative 

function  of  x  and  5 .  For  if  we  also  have  [  1-x*  (z)  fl  (E,-z)  ]  = 

h+ (x , ^ , z ) /h- (x,;,z)  where  h+(x,^,z)  =  m  and  h“(x,£,z)  e  n 

z  z 

then  by  Liouville’s  Theorem  g+ (x ,  •!  ,  z ) /h+ (x ,  £  ,  z )  =  g"  (x ,  £  ,  z )  /h”  (x  ,  E, ,  z ) 
=  F(x,[).  If  ’■?  ( z )  or  fi(z)  is  a  rational  function  of  z,  then  the 
more  useful  expressions  of  g+ (x z )  and  q~(x,E,,z)  have  been 
obtained  in  [26]  (equations  43,  44,  50  and  51). 

(3J.6  )  can  now  be  re-arranged  as 


^  A  _ 

(5.13)  g  (x , 5 , z) Wm (x , $ , z)  -  xm  Tz^g  (x , 5 , z) exp (-zw) } 

+  xTz(g  (x,£, z)exp(-zK)  w(x,5,z)} 

=  xm+1  T*^g  (x,£,z) exp (-zw) } 

xi*{g'(x,^.  z)exp(-zK)Qni  w(x,5,z)  } 
xg  (x,C,z}Cm^w(x,C,-z) 


for  0< ■ x : -1 ,  Re  ( c, )  2  Re  (z )  20  ,  m>0,  w>0 .  As  the  left  hand  side  of 
this  equation  belongs  to  and  its  right  hand  side  belongs  to 
Mz '  applications  of  Liouville's  Theorem  and  analytic  continuation 
yields 


( 5 .  14)  g+  (x 


for  0  < | x ' ^1 , 


^  m+ 1 

'■;,2)Wm,w(x';'z)  “  x  Tz%“(x,[,z)exp(-zw) 

+  XT  (  g  (x ,  c, ,  z)exp(-zK)  o  (x,",z)'  = 

^  m ,  w  ' 

Re(-])>0,  Re(z)£0  ,  m>.0,  w>0  ;  and 


R(x, [} 


(5.15)  xm+1-|-*{g  (x,l,z)exp(-zw)  }  - 


x  T*tg  (x , 5 , z ) exp ( -zK) Q  (x,£,z)} 
z  rn ,  w 


-  xg  (x,l,z)C  w(x,I,-z)  =  R  ( x ,  -I ) 


for  3  x  _1,  Re(-:)-0,  Re  ( z  )<  0  ,  m$.0,  w^O. 


1 


-20- 
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(5.23)  g  (x,C,z)Cq,q  (x,',-z)  =  g~(x,£,z)  -  lim  (x ,  $ ,  z ) 


V*{g"(x,- ,z)exp(-zK)QQ^0  (x,£ ,  z)  } 
( 0<  |  x  |  <1 ,  Re(£)>0,  Re(z)^O) 


(5.24) 


m  .  „w 


QZ  „(x,5,z)  -x  +  C"  (x,5,0) 

m,  w _  _  _ IB ,  w _ 


g  (x,5,z) 


g  (x, £ , 0) 


in 

+  x  T. 


exp ( z (K-w) ) 
g+ (x, 1 , 2) 


exp ( zK) C  (x,-,-z) 

*• _ IB  ,  W _ 

g+ (x , £ , z ) 


( 0 < | x | < 1 ,  Re(^)>0,  Re(z)>0,  m»0 ,  w>0) 


PROOF ;  We  have  p{w^=0}  =  0  for  CKm^kijn^.  Hence 
*  w 

(x,-,z)  =  x5„  n  where  5.  .  is  the  Kronecker  delta. 

z-*00  m,  w  m,  0  l ,  ] 

Thus,  for  m>0,  w>0,  letting  z-*°°  in  (5.14),  we  obtain 
(5.25)  Rw(x,£)  =  -  xm+1lim  [TW  (x ,  ,  z )  exp  ( -zw)  }  ] 

+  xlimz_(_oo  t T 2 1 g  (x ,  4  ,  z )  exp  ( -zK)  w  (x ,  -5  ,  z )  } 

Upon  substituting  this  back  into  (5.15),  on  behalf  of  (5.5),  we 


obtain  (5.22) .  When  m  =w  =0,  we  first  modify  (5.14)  to  have  the 

— u  — u 


term  |Wg  g(x,!;,z)-xj  included  then  derive  (5.23)  by  the  same 


method  as  that  for  (5.22).  For  (5.24),  the  oroof  is  similar  to 


that  for  (5.19) 


.  0 


m 


-23- 


6.  The  strong  M/G/l  queue. 

In  this  section,  we  shall  concentrate  on  the  queueing  system 
in  which  the  arrival  process  is  a  Poisson  process;  that  is, 
p-T  t-^$t}  =  1-exp  (-.\t)  for  t>0.  We  shall  obtain  explicit  expression 
for  C®  w(x,£,-z).  The  argument  is  based  on  the  property  that 
in  this  system,  the  idle  periods  are  exponential  distributed  and 
independent  of  the  busy  periods. 


THEOREM  9: 

(a)  For  0<|xjsl,  Re(-)20,  Re(z)^0,  m>0,  w>0, 
(6.1)  C®  „(x,5,-z)  =  (x,5,0)/(X+5-z)  r 

m,  w  ni t  w 


(b)  For  0<|x|^l,  Re(C)30,  m>.0,  w^O, 
,s 


(6.2: 


P~  „(XrC,0) 

m,  w 


m+1  -9w 


m+1  -0K 


e  "(0)  +  x  e  94'(0)g  (x,S,0) 


I 


I  2 ( a+4- ax) 


Lim 


-:-*0 


exp(s(K-w) )  is 


:7Ti_jL_  ]s 


-0K 


1  a-  \xe  '  Sf  ( 0)  g  (x,£ ,  9)  j- 


r 


exp(zK)  ds 


lim 


: 2 ( \+5) ( \+5- \X) 

L_ 


£-0 


2:ri i L  [ \+« -s 1  ( \+I-s- \x? l s)  i s 


where 


(D.44)  9  =  0 (x, - )  is  the  root  of  the  equation 

(6.3)  (z)  =  0 

in  the  domain  Re(z)>0  and 

4* 

g  (x, I, z)  = 


(6.4) 


[  \  +  ^-z-\x'F  (  z )  ]  /  1 9-z  ] 


-24- 


PROOF :  If  p{t^-$t}  =  1-exp  (-Xt)  for  t>.0,  then  for  all  v>l, 

i_v  is  independent  of  both  and  n_v  and  £  { exp  ( -z  i_  )  }  =  X/(X+z) 

for  Re  ( z )  >.  0  .  Thus  we  obtain  (6.1).  (3.16)  can  now  be  written  as 

(e.s)  <fW(x,S,2)  = 

m+l  _  ,  -zw  .  _s  ,  _  ,  -zK"s  , 

x  (A  +  C.-Z  e  -  XxP  (x ,  c, ,  0 )  -  x(A  +  c,-z  e  Q  (x,-,,z) 

_ m ,  w _ ' _ m ,  w _ _ 

X+t -z-Axf ( z ) 


for  0-:jx(^l,  Re  (5)^0,  Re(z)>.0,  m>.0,w>0.  Now,  since  Ws  (x,t,z)  is 
1  ■  m ,  w 

analytic  in  the  domian  Re(z)>0,  letting  z=6  as  defined  in  (D.44) 
yields  : 


<r  .~,s  ,  ,  m+l  -dw,,  ...  -0K„,  ,..^s  ,  „ 

(6.6)  Pm,  w  X  '  ^  '  0)  =  x  e  M9)  "  xe  Mo)Qm  w(x,c.,-)  . 

for  0  <  |  x !  -<  1 ,  Re(^)^0,  m>0,  w>0.  Also,  from  (5.19),  we  can  write 


(6.7) 


m,  w 


(x,  E, ,  z) 


m 


-  x 


g  (x, ; , z) 


g  ( x ,  4 ,  o ) 


m 

^  T 


■  exp ( z (K-w) ) 


z  +  ,  _  . 

j  g  ( x ,  c  ,  z )  ■ 


f 


f 


+  AP^  (x,c,0) 
m ,  w 


L  9  ( x  ,  £  ,  0 )  ( X  +  -  ) 


exp ( zK ) 


g  (x  ,  I ,  z  )  ( X  +-:  -z  ) 


for  CK  !  x  |  ■$  1 ,  Re(£)>.0,  Re(z)>0,  m>0,  w>0.  As  g  (x,C,z)  takes  the 


form  of  (6.4)  ,  we  let  z-'d  in  (6.7)  and  then  eliminate  Qb  (x,  ",  -) 

m ,  w 


from  the  resulting  equation  and 
Remarks : 


(6.6)  to  prove  (6.2) 


(R.7)  If  we  let  K-^°°  ,  (6.2)  and  (  6.6)  will  become  (25)  in  [12]  , 

a  well-known  result  for  the  residual  busy  period  of  the  M/G/l  queue. 
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